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ABSTRACT
We numerically investigate the generation of a magnetic field in a protostellar
disc via an αΩ-dynamo and the resulting magnetohydrodynamic (MHD) driven out-
flows. We find that for small values of the dimensionless dynamo parameter αd the
poloidal field grows exponentially at a rate σ ∝ ΩK√αd, before saturating to a value
∝ √αd. The dynamo excites dipole and octupole modes, but quadrupole modes are
suppressed, because of the symmetries of the seed field. Initial seed fields too weak
to launch MHD outflows are found to grow sufficiently to launch winds with obser-
vationally relevant mass fluxes of order 10−9M/yr for T Tauri stars. This suggests
αΩ-dynamos may be responsible for generating magnetic fields strong enough to
launch observed outflows.
Key words: accretion, accretion discs - dynamo - MHD - stars: magnetic fields -
stars: protostars - stars: winds, outflows
1 INTRODUCTION
Astrophysical jets and winds are a viable mechanism for
transporting angular momentum away from protostellar
systems and magnetic fields may play a central role in the
launching and collimation of these outflows. However, the
origin of the large-scale, ordered, magnetic fields required
for magnetically driving jets and winds is at present not
well understood. One possibility is that the magnetic field
is advected inwards from the interstellar medium or through
ambipolar diffusion (see Shu, Adams & Lizano 1987 for re-
view). Another possibility is that the field is generated in
the disc via dynamo action (see Brandenburg & Subrama-
nian 2005 for review).
Magnetic fields play a key role in transporting angu-
lar momentum in astrophysical discs, allowing matter to
accrete on time scales consistent with models of proto-
stellar evolution. Turbulent viscosity in the accretion disc,
most likely generated by the magnetorotational instability
(MRI), plays a key role in setting the accretion rate (Bal-
bus & Hawley 1991). It has been shown that the MRI can
amplify and sustain magnetic fields in accretion discs, de-
spite dissipative effects. This has been shown both in shear-
ing box simulations (see for example Brandenburg et al.
1995; Hawley, Gammie & Balbus 1996; Gressel 2010; Guan
and Gammie 2011) and also in global 3D disc simulations
(Armitage 1998; Hawley 2000; Hawley 2001; de Villiers &
Hawley 2003). Magnetic field growth can be modeled as an
αΩ−dynamo, where disc rotation generates toroidal field
and the α−effect (see for example Moffat 1980) converts
toroidal field into poloidal field. An important question is
whether this dynamo action can generate large-scale fields
that are strong enough to magnetically drive outflows.
Many authors have studied magnetically driven out-
flows by a priori assuming the system has a large-scale,
ordered, magnetic field. Comparatively few studies have in-
vestigated magnetohydrodynamic (MHD) driven outflows
where the field is generated self-consistently in the disc via
dynamo processes. Theoretical work by Campbell (1999,
2003) showed that an αΩ−dynamo operating in the disc
changes the wind structure, decreasing the critical launch
angle in the classic Blandord-Payne (1982) scenario. Bar-
dou et al. (2001) simulated the back-reaction of outflows on
the disc dynamo and found a vertical velocity can enhance
the action of the dynamo. Numerical simulations by von
Rekowski et al (2003) found that an α2-dynamo can launch
magnetic and thermally driven outflows by growing an ini-
tially weak toroidal field. von Rekowski & Brandernburg
(2004, hereafter vRB04) followed this up by showing a stel-
lar dipole threading a dynamo active disc can grow, and
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undergo episodic accretion/ejection. Stepanovs, Fendt &
Sheikhnezami (2014, hereafter SFS14) showed that episodic
outflows can also be generated by having a time dependent
disc dynamo. Sadowski et al (2015) modeled a mean-field
dynamo around non-spining and spining black holes and
found that outflows were more efficient at extracting en-
ergy from the system than in thin disc models.
Observations suggest that dynamo mechanisms may be
responsible for the magnetic fields near protostars. Rota-
tional modulation of Zeeman signature in GQ Lup (Donati
et al. 2012) and DN Tau (Donati et al. 2013) at differ-
ent epochs show the magnetic fields of these T Tauri stars
evolve in time, which the authors speculate may be due to
dynamo processes. In a sample of pre-main sequence stars
Vidotto et al (2014) showed that the fields measured from
Zeeman broadening (sensitive to large and small scale field)
and Zeeman-Doppler imaging (sensitive to only large scale
fields) are coupled, suggesting small and large scale fields
share the same dynamo generation process. This may have
important consequences for outflows, since MHD driven
winds are highly sensitive to the geometry of the magnetic
field. For instance, Dyda et al (2015, hereafter Dyda15)
found that in T Tauri systems disc winds are highly sup-
pressed because of inefficient mass loading if the stellar
dipole and disc field are anti-aligned as in vRB04.
In this paper we perform axisymmetric MHD simula-
tions of an αΩ-dynamo operating inside a protostellar ac-
cretion disc. We provide an initial weak poloidal seed mag-
netic field and track its growth and the corresponding MHD
outflows. Our goal is to undertand how the disc dynamo af-
fects the corresponding outflows and the late time magnetic
field structure. The structure of this paper is as follows. In
Section 2 we review the disc dynamo contribution to the
equations of motion and describe our MHD code. In section
3 we present results, describing how outflows and magnetic
field structure around the star are affected by the initial
seed field and the strength of the dynamo, the disc viscos-
ity and the magnetic diffusivity. We conclude in Section 4
and discuss implications for future work and observational
prospects for classical T Tauri stars (CTTS).
2 DYNAMO MODEL
We investigate the roles of disc dynamos by performing
2D axisymmetric simulations using a Godunov-type MHD
code (Koldoba et al. 2015). We describe the basic equations
solved, including the addition of a αΩ-dynamo module in
Section 2.1. The evolution of the field in the limit of a thin
disc, the “no-z” approximation, is discussed in Section 2.2.
We describe the initial conditions in Section 2.3 and the
boundary conditions in Section 2.4. Our simulations are
performed in dimensionless units, and we introduce appro-
priate units for T Tauri stars in Section 2.5.
2.1 Basic Equations
Using the prescription of mean-field dynamo theory (see for
example Kulsrud 1999), fields are broken up into a mean,
large-scale component (denoted by an overbar) and a tur-
bulent, stochastic component (denoted by a δ). The velocity
and magnetic field are respectively
v = v + δv, (1a)
B = B + δB. (1b)
The plasma flows are assumed to be described by the equa-
tions of non-relativistic MHD in a non-rotating reference
frame
∂ρ
∂t
+∇ · (ρv) = 0 , (2a)
∂ρv
∂t
+∇ · T = ρg , (2b)
∂B
∂t
= ∇× (v ×B) +∇× E − η∇× (∇×B), (2c)
∂ (ρS)
∂t
+∇ · (ρvS) = Q , (2d)
where ρ is the mass density, S is the specific entropy, T is
the momentum flux density tensor, Q is the rate of change
of entropy per unit volume due to heating, η is the magnetic
diffusivity and c is the speed of light. The mean electromo-
tive force
E = δv × δB, (3)
is generated by the turbulent fluctuations of the velocity
and magnetic field. Assuming fluctuations are isotropic and
uncorrelated
E = αB− ηt∇×B, (4)
where α = −τ/3(δv · ∇ × δv) is the product of the decor-
relation time of the velocity fluctuations τ and the mean
helicity of the turbulence and the turbulent magnetic dif-
fusivity ηt = 1/3τδv2. We parametrize the strength of the
mean electromotive force in our simulations in terms of di-
mensionless α parameters
E = αdZΩKB + αη c
2
s
ΩK
∇×B , (5)
where αd and αη parametrize the strength of the dynamo
and magnetic diffusivity respectively. The accompanying
prefactors, the disc height Z, local Keplerian angular ve-
locity ΩK and midplane sound speed cs, are chosen by di-
mensional analysis. As detailed at the end of this section,
αd and αη are non-zero only inside the disc. In axisymme-
try, magnetic diffusion is the only mechanism to suppress
the dynamo and prevent the gas from becoming overmag-
netized. If αd is too large then the assumption that the fluc-
tuations grow more slowly and thus remain subdominant to
the mean-field breaks down and our paramterization of the
electromotive force is no longer justified.
We define the dynamo number
Nd =
αdΩKh
3
η2t
≈ αd
α2η
, (6)
where h is the half-thickness of the disc. Dynamo effects
are thought to be important for Nd > Nc for some critical
dynamo number (Stepinski & Levy 1988).
We assume that heating is offset by radiative cooling
so that Q = 0. Also, g = − (GM/r2) rˆ is the gravitational
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acceleration due to the central mass M . We model the fluid
as a non-relativistic ideal gas with equation of state
S = ln
(
p
ργ
)
, (7)
where p is the pressure and γ = 5/3.
We use cylindrical coordinates (R,φ, Z) as these are the
coordinates used by our code. Sometimes it will be useful
to also refer to spherical coordinates (r, θ, φ) as well.
We assume the magnetic diffusivity is primarily due to
turbulence i.e ηt  η and is parametrized by (4). Likewise
we assume that kinematic viscosity is due to turbulent fluc-
tuations of velocity and magnetic field and use the α-disc
parametrization (Shakura and Sunyaev 1973)
νt = αν
c2s
ΩK
, (8)
where αν ≤ 1 is a dimensionless constant. The ratio,
P = αν
αη
, (9)
is the magnetic Prandtl number of the turbulence in the
disc. We take αν = αη = 0.1 unless otherwise stated.
The momentum flux density tensor is given by
Tik = pδik + ρvivk +
(
B
2
8pi
δik − BiBk
4pi
)
+ τik , (10)
where the bracketed term, the so-called Maxwell stress, is
responsible for the Lorentz force and τik is the viscous stress
contribution from the turbulent fluctuations of the velocity.
As mentioned, we assume that these can be represented in
the same way as the collisional viscosity by substitution of
the turbulent viscosity. The leading order contributions to
the viscous stress arise from large velocity gradients. In a
Keplerian type disc these are dominated by the azimuthal
terms vφ ∼ vK . However, we include all viscous terms in-
volving vR and vφ. The leading order contribution to the
momentum flux density from turbulence are therefore
τRφ = −νtρR∂Ω
∂R
, τZφ = −νtρR∂Ω
∂z
,
τZR = −νtρ∂vR
∂Z
, τRR = −2νtρ∂vR
∂R
,
τφφ = −2νtρvR
R
, (11)
where Ω = vφ/R is the angular velocity of the gas.
The transition from the viscous/diffusive disc to the
non-viscous/non-diffusive corona is handled by multiply-
ing the alpha coefficients (αν and αη) by a dimension-
less factor ξ(ρ) which varies smoothly from ξ = 1 for
ρ ≥ ρd = 0.75ρ(R,Z = 0) to ξ = 0 for ρ ≤ 0.25ρd as de-
scribed in Appendix B of Lii, Romanova, & Lovelace (2012).
The dynamo coefficient is smoothly reduced to zero at the
inner radius Rdyn = 5 and in the corona via
α(R,Z) =
{
0 R < Rdyn ,
αdZ
√
GM
R3
e−(ρdyn/ρ)
2
tanh(
R−Rdyn
∆R
) R > Rdyn .
(12)
where ρdyn = 0.1 and ∆R = 1. We found it necessary to
impose an inner disc cutoff to avoid numerical instabilities
at the surface of the star. Since our code does not treat the
subgrid physics of the turbulent velocity and magnetic field,
in the remainder of this paper we will supress the overbar
and take v and B to be the mean, large-scale velocity and
magnetic field.
2.2 Disc Averaged Equations
To gain some insight into the dynamo process, consider a
thin, axisymmetric, Keplerian disc with diffusivity η and
radial infall velocity vR operating an αΩ-dynamo. We will
ignore any vertical motion vZ and neglect the Z dependence
of Ω and vR, often refered to as the “no-z” approach (see
Phillips 2001 for a review). Dynamical quantities refer to
the mean, large-scale components and we reserve the over-
bar to refer to the vertically averaged quantity. Breaking
the induction equation (2c) into (R, φ, Z) components, we
find
− 1
R
∂
∂Z
(
∂Ψ
∂t
)
=
∂
∂Z
[
− αdZΩKBφ + vR
R
∂Ψ
∂R
− η
R
(
R
∂
∂R
(
1
R
∂Ψ
∂R
)
+
∂2Ψ
∂Z2
)]
,
(13a)
∂Bφ
∂t
= −∂Ω
∂R
∂Ψ
∂Z
+
∂
∂Z
(
−αdZΩK
R
∂Ψ
∂Z
+ η
∂Bφ
∂Z
)
− ∂
∂R
(
αdZΩK
R
∂Ψ
∂R
+ vRBφ − η
R
∂(RBφ)
∂R
)
,
(13b)
∂
∂R
(
∂Ψ
∂t
)
=
∂
∂R
[
αdZΩKBφR− vR ∂Ψ
∂R
+ η
(
R
∂
∂R
(
1
R
∂Ψ
∂R
)
+
∂2Ψ
∂Z2
)]
,
(13c)
where Ψ is the magnetic flux function. Two types of solu-
tions are possible, depending on the symmetries of Ψ and
Bφ - a “dipole” like solution where Ψ(Z) = Ψ(−Z) and
Bφ(Z) = −Bφ(−Z) and a “quadrupole” solution where
Ψ(Z) = −Ψ(−Z) and Bφ(Z) = Bφ(−Z) (see Kulsrud
2005). To solve the problem exactly we make a gauge choice,
for example Ψ(0) = 0 and boundary conditions at Z = ±h
such as ∂Ψ/∂Z = 0. Intuitively then, one may think of the
flux function as a cosine in the dipole like case and as a sine
in the quadrupole case
Ψ(Z) =
{
Ψ0 cos
(
piZ
h
)
“dipole”,
Ψ0 sin
(
piZ
2h
)
“quadrupole”.
(14)
We work in the thin disc, h  R, approximation. The
variation in the flux function over the half disc thickness
is therefore in each case ∆Ψ ≈ Ψ0 but the variation in
its derivative for each case is ∆Ψ/∆Zdip ≈ 2∆Ψ/∆Zquad.
Therefore integrating over the upper half part of the disc,
and replacing all quantities with their vertically averaged
quantities
∫ h
0
Bφdz = hB¯φ,
∫ h
0
− 1
R
∂Ψ
∂Z
= hB¯R and ignoring
terms involving BZ , the R and φ components give us the
coupled system
∂B¯φ
∂t
= (
3
2
C1 + C2αd)ΩB¯R − η
h2
B¯φ, (15a)
© 2017 RAS, MNRAS 000, 1–13
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∂B¯R
∂t
= C2αdΩB¯φ − η
h2
B¯R. (15b)
where C1 = 1(−1) and C2 = 2(−1) in the dipole
(quadrupole) case. Using η = αηΩh
2, we combine (15) and
find
∂2B¯R
∂t2
+ 2αηΩ
∂B¯R
∂t
+
[
α2η − C2αd (3/2C1 + C2αd) +
]
Ω2B¯R = 0.
(16)
Taking B¯R ∝ exp(σΩt) we find growth rates
σ = −αη ±
√
C2αd(3/2C1 + C2αd). (17)
Taking αd  1 we approximate
σ + αη ≈
{
±√3αd “dipole”,
±√3αd/2 “quadrupole”. (18)
Substituting back into (15) we find
B¯R ≈
±
√
2αd
3
B¯φ “dipole”,
∓
√
2αd
3
B¯φ “quadrupole”.
(19)
The toroidal field component is primarily generated by the
differential rotation of the disc. It is also the dominant con-
tribution to the magnetic field. Therefore, at late times
when the matter and magnetic pressure in the disc are in
equilibrium, we expect the toroidal component to saturate.
Equation (19) implies that the radial field will also satu-
rate, to a value proportional to
√
αd. For this reason, we
scale all our magnetic field plots to
√
αd (see Section 3.1).
Equation (18) shows that for αd, αη  1 the growth rate
σ ∝ √αd so we scale all times by a factor of α−1/2d (see
Section 3.2). We note that requiring a positive growth rate
σ > 0 implies Nd & 1/3. Though we have neglected or-
der one numbers, this provides an intuitive picture for why
there is a critical dynamo number - if the diffusion time
scale is too fast compared to the dynamo time scale then
the field diffuses away and never grows. Stepinski & Levi
(1988) found purely growing dynamo modes for dynamo
number Rm = (R/h)
3/2 αd/α
2
η ∼ 100 which agrees with
this result up to some O(1) numbers.
Above we neglected terms that depended on ∂/∂R to
make the exponential growth of the field via the dynamo
apparent. However, these terms are important for deter-
mining the effects of viscosity and diffusivity in the disc. In
particular, taking vR = ν/R and ν, η constant and expand-
ing (13) yields advection like terms ∝ (−ν + η)∂Ψ/∂R and
∝ (−ν − η)∂Bφ/∂R. η and ν may cooperate or compete in
transporting different field components. We show this em-
pirically in our simulations where the effects of the dynamo
is changed by varying the Prandtl number P = αν/αη (see
Section 3.5).
2.3 Initial Conditions
2.3.1 Magnetic Field & Dynamo
Our simulations use a disc field (Zanni, 2007) as a seed field
for the dynamo, defined by the poloidal flux function
Ψdisc =
4
3
B0R
2
0
(
R
R0
)3/4
m5/4
(m2 + Z2/R2)5/8
, (20)
where the poloidal magnetic field components can be com-
puted via
BZ =
1
R
∂Ψ
∂R
, BR = − 1
R
∂Ψ
∂Z
. (21)
The parameter m determines how much the field lines bend
in the R-Z plane with the limit m → ∞ corresponding to
purely vertical field lines. In this study we set m = 1.
The field generated by the dynamo can be expanded
using a multipole expansion
Ψ = µdipΨdip + µquadΨquad + µoctΨoct + ... (22)
where
Ψdip =
R2
(R2 + Z2)
3
2
, (23a)
Ψquad =
3
4
R2Z
(R2 + Z2)5/2
, (23b)
Ψoct =
R2(4Z2 −R2)
2(R2 + Z2)7/2
, (23c)
are the dipole, quadrupole and octupole contributions re-
spectively. These are expected to be the dominant modes
excited by the disc dynamo. We show in Appendix A how
we numerically extract the multipole moments from our
simulation.
2.3.2 Matter Distribution
Initially the matter of the disc and corona are assumed to
be in mechanical equilibrium (Romanova et al. 2002). The
initial density distribution is taken to be barotropic with
ρ(p) =
{
p/Tdisc p > pb and R ≥ Rd ,
p/Tcor p < pb or R ≤ Rd ,
(24)
where pb is the level surface of pressure that separates the
cold matter of the disc from the hot matter of the corona
and Rd is the initial inner disc radius. At this surface the
density has an initial step discontinuity from value p/Tdisc
to p/Tcor.
Because the density distribution is barotropic, the ini-
tial angular velocity is a constant on coaxial cylindrical sur-
faces about the Z−axis. Consequently, the pressure can be
determined from the Bernoulli equation
F (p) + Φ + Φc = B0 , (25)
where B0 = 3 × 10−4 is Bernoulli’s constant, Φ =
−GM/√R2 + Z2 is the gravitational potential, with GM =
1 in the code, Φc =
∫∞
R
rdr ω2(r) is the centrifugal poten-
tial, and
F (p) =
{
Tdisc ln(p/pb) p > pb and R ≥ Rd ,
Tcor ln(p/pb) p < pb or R ≤ Rd .
(26)
The initial half thickness of the disc h/R = 0.1 at the initial
inner disc edge Rd = 5.
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Parameters Symbol Value
mass M0 1.59× 1033 g
length R0 1.50× 1012cm
magnetic field B0 8.04× 10−2 G
time P0 3.53× 10−2 y
velocity v0 8.42× 107cm/s
density ρ0 7.24× 10−15 g/cm3
accretion rate
.
M0 2.72× 10−7 M/yr
temperature T0 4.26× 107 K
dipole strength µdip 2.69× 1035 G cm3
quadrupole strength µquad 4.04× 1047 G cm4
octupole strength µoct 6.05× 1059 Gcm5
Table 1. Mass, length, and magnetic field scales of interest and
the corresponding scales of other derived quantities for a CTTS.
One can obtain the physical values from the simulation values by
multiplying by the corresponding dimensional quantity above.
2.3.3 Angular Velocity
The initial angular velocity of the disc is slightly sub-
Keplerian,
Ω = (1− 0.003)ΩK(R) R > Rd . (27)
Inside ofRd, the matter rotates rigidly with angular velocity
Ω = (1− 0.003)ΩK(Rd) R ≤ Rd. (28)
The corotation radius Rc = (GM/Ω
2
∗)
1/3 = 2 is the radius
where the angular velocity of the disc equals that of the
star.
2.4 Boundary Conditions
We follow as closely as possible the treatment in Dyda15.
Our simulation uses a grid NR×NZ = 154× 230 cells. The
star is taken to be cylindrical in shape with radius R∗ = 1
and height Z∗ = 2, extending 10 grid cells above and below
the disc midplane. In the R-direction, the first 60 grid cells
have length dR = 0.05. Later cell lengths are given recur-
sively by dRi+1 = 1.025dRi. Similarly, in the Z-direction
the first 30 grid cells above and below the equatorial plane
have length dZ = 0.05. Later cell lengths are given recur-
sively by dZj+1 = 1.025dZj .
We assume axisymmetry about the axis. On the star
and the external boundaries we want to allow fluxes and
impose free boundary conditions ∂F/∂n = 0 where F is a
dynamical variable and n is the vector normal to the bound-
ary. At the external boundary we impose outflow boundary
conditions. We also require that along the edge of the disc
matter be inflowing vR ≤ 0 and in the corona matter be
outflowing vr ≥ 0. On the star we require that matter on
the stellar boundary flow into the star vr < 0. We treat the
corner of the star by averaging over the nearest neighbour
cells in the R and Z directions.
2.5 Dimensional Variables
The MHD equations are written in dimensionless form so
that the simulation results can be applied to different types
of stars. We assume that the central object is a CTTS with
mass M∗ = 0.8M, a radius R∗ = 2R and a magnetic
field with magnitude B∗ = 3× 103 G on the stellar surface,
which is typical for the magnitude of the stellar dipole. We
define dimensionful quantities with a 0 subscript, to denote
typical values of physical parameters at a reference radius
R0. The mass scale is set by the stellar mass so M0 = M∗.
The reference length, R0 = 0.1AU, is taken to be the scale
of a typical inner disc radius. Assuming a stellar dipole field,
the magnetic field strength B0 = B∗(R∗/R0)3. The mass,
length and magnetic field scales allow us to define all other
dimensionful quantities.
The reference value for the velocity is the Keplerian
velocity at the radius R0, v0 = (GM0/R0)
1/2. The reference
time-scale is the period of rotation at R0, P0 = 2piR0/v0.
From the relation ρ0v
2
0 = B
2
0/4pi, we define the reference
density ρ0 of the disc. The reference mass accretion rate is.
M0 = 4piρ0v0R
2
0. The reference temperature T0 = v
2
0/2 ×
mH/kB where mH is the atomic mass of hydrogen and kB ,
the Boltzmann constant, is obtained by taking the ratio
of the reference pressure p0 = B
2
0/8pi and the reference
density. The dimensions of the coefficients in the multipole
expansion of the flux function are obtained by scaling the
reference field by the appropriate power of R0 - µdip =
B0R
3
0, µquad = µdipR0 and µoct = µdipR
2
0.
Results obtained in dimensionless form can be applied
to objects with widely different sizes and masses. However,
the present work focuses on CTTS with the typical values
shown in Table 1. One can obtain dimensionful quantities
from simulation results by multiplying by the appropriate
dimensionful quantity above.
3 RESULTS
We provide an initially weak, poloidal, seed field thread-
ing the disc. Differential disc rotation causes this poloidal
field to twist, producing a toroidal component. The αΩ-
dynamo in turn converts this toroidal component into ad-
ditional poloidal field. This is a positive feedback loop and
the poloidal field continues to grow until other physical ef-
fects such as diffusion halts the growth.
In Fig. 1 we plot disc density ρ (color), magnetic flux
contours Ψ (white) and poloidal velocity vectors vp (yel-
low) of our fiducial αd = 0.1 run. We see that magnetic
flux in the disc increases as a function of time and the flux
builds up on the star as it advects inwards with the accret-
ing matter. On time scales of the simulation, the dynamo
only changes the field geometry in the inner part of the
disc R . 10 where loops form. Along the star, a diple-like
structure forms, as flux from the disc grows and is advected
onto it. For t & 200 a quadrupole structure forms near the
inner disc with field lines parallel to the disc, rather than
threading through it. In the outer parts of the disc field lines
become more inclined relative to their initial configuration
due to magnetic pressure in the corona, as in the case where
the dynamo is not operating, shown in Dyda15. Despite the
dynamo operating for all radii R > Rdyn = 5, the simula-
tion does not run long enough for the outer parts of the
disc to evolve this quadrupolar structure. This requires dif-
fusing the dipole-like flux lines threading through the disc
© 2017 RAS, MNRAS 000, 1–13
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Figure 1. Density ρ (color), poloidal field lines Ψ (white) and poloidal velocity vp (yellow) for the case Nd = 10. t = 0 shows the initial
large-scale field. By t = 100 the dynamo has changed the field structure in the inner part of the disc. By t = 200 the field has developed
an parallel dipole structure near the star. By t = 300 the dipole structure is maintained on the star and a quadrupole structure begins
to form near the inner disc with field lines being parallel to the disc, rather than threading through it. The outer parts of the disc have
not yet evolved this quadrupolar structure.
out the simulation domain, which occurs in the outer disc
on timescales ∼ (αηΩK)−1 ≈ 900 inner disc orbits.
Runs were performed with seed field amplitudes rang-
ing between B0 = 10
−2 − 100. These correspond to mid-
plane plasma β = 101 − 105. For β  101, corresponding
to seed fields B0  1, the results were largely independent
of the initial magnetic field. For larger field values, the dy-
namo had comparatively little effect, and the simulation
behaved as for the case αd = 0 where the disc dynamo is
explicitly turned off (see Dyda et al 2015). The dipole and
higher order multipoles grow on the star as flux is gener-
ated in the disc and advected onto the star. We note that
Cowling’s antidynamo theorem (1934), which states that
a self-sustained, axisymmetric field cannot be maintained,
does not apply to our simulations because the dynamo term
in (5) models subgrid physics which is by assumption non-
axisymmetric.
3.1 Stellar Multipoles
Any magnetic field can be expanded in a general multipole
expansion (22). We show how we extract the stellar dipole
µdip, quadrupole µquad and octupole µoct moments from our
simulations in Appendix A. We use this method to study
the time dependence of the magnetic field topology around
the star.
In Fig 2 we plot the dipole (top panel), quadrupole
(middle panel) and octupole (bottom panel) moments as
a function of time for dynamo numbers Nd = 1 (red,
solid), 5 (black, dot) and 10 (green, dash) (corresponding
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Figure 2. Stellar multipole moments as a function of time for dy-
namo numbers Nd = 1 (red, solid), 5 (black, dot) and 10 (green,
dash) with constant disc diffusivity αη = 0.1. We see the mul-
tipole moments saturate to a value that scales with α
−1/2
d and
of the growth rate scale to α
1/2
d . Top Dipole moment µdip is the
dominant contribution to the field Middle Quadrupole moment
µquad oscillates around zero Bottom Octupole moment µoct sat-
urates to a value of the opposite sign to the dipole moment
to αd = 0.01, 0.05 and 0.1 respectively) for fixed diffu-
sivity αη = 0.1 and seed field amplitude B0 = 0.1. We
have scaled the time by α
1/2
d and the dipole moment by
α
−1/2
d , as suggested by the linear analysis of Section 2.2.
Empirically, we see this scaling yields similar behaviour for
runs with different dynamo strength. We find qualitatively
different behaviour of the dipole, quadrupole and octupole
moments. The dipole moment grows to a value of approx-
imately µdip ≈ −N1/2d . It saturates to this value on time
scales τ ∼ α−1/2d ΩK(Rdyn)−1. The quadrupole moment os-
cillates about µquad = 0, which is what we expect given
the symmetry of the initial seed field. The magnitude of
these oscillations increases with increasing dynamo number.
At late times the amplitude of the oscillations dies down.
The octupole moment begins to oscillate at the same time
that the dipole mode begins to grow. In the cases where
αd = 0.05 or 0.1, when the dipole reaches its asymptotic
value, the octupole moment quickly assumes the opposite
sign so that the late time octupole moment saturates at
the same time as the dipole but with opposite polarity.
This suggests that the lower order multipole moments are
excited first, and higher order multipoles are excited and
grow as the lower order multipoles saturate. The octupole
moment saturates to a value of µoct ≈ −N1/2d as suggested
by the linear theory. For weaker dynamos, the higher order
modes are not excited. These results are consistent with
the symmetries of the seed field - the disc dynamo is a
symmetric function of position Z, therefore we expect to
excite symmetric (dipole and octupole) and not asymmet-
ric (quadrupole) modes. Reversing the polarity of the seed
field reverses the signs of the generated multipoles, but does
not otherwise change the results, as expected.
The field dynamics is largely determined by the physics
in the inner disc. In particular, we performed simulations
where we varied the cutoff radius 5 ≤ Rdyn ≤ 8 but kept the
dynamo coefficient α in (12) constant at Rdyn by varying
αd. The late time moments changed by roughly 10% and
growth rates and times were similarly affected. Poloidal field
plots retained the same qualitative character, where a large
loop formed near the cutoff radius but field lines in the
outer disc tilted more towards the equatorial plane of the
disc.
Though the disc dynamo generates a predominantly
dipole component of the magnetic field, it is unclear
whether a disc dynamo can generate a closed magneto-
sphere which has been shown to generate strong outflows
in the propelor regime. Rather this may require a dynamo
mechanism operating on the star itself.
3.2 Growth Rate
The disc averaged equations (18) predict that the exponen-
tial growth rate σ ∝ √αd ΩK , scaling like √αd and the
local Keplerian angular velocity. In Fig 3 we plot vertically
integrated B¯Z at radii R = 10, 15 and 20 as a function
of angular phase ΩKt for the case αd = 0.1. We scale the
magnetic field by α
−1/2
d and the phase by α
1/2
d for ease in
comparison of the other simulations. We see that there is
indeed a period of exponential growth lasting a time ∼ 1
where the field changes by a factor ∼ 10. The scaling (18)
suggests that σ ≈ √3 in these units but we find, averaging
© 2017 RAS, MNRAS 000, 1–13
8 S. Dyda et al.
Figure 3. Vertically integrated magnetic field B¯Z at radii R =
10 (solid), 15 (dash) and 20 (dash-dot) as a function of angular
phase Ωt scaled by α
1/2
d for the case αd = 0.1. The exponential
growth predicted by the linearized regime occurs for phase angles
tΩ
√
αd  1
the rates for these three radii and αd = 0.01, 0.05 and 0.1
runs σ = 2.0 ± 1.0. This suggests that our linear analysis,
where we dropped order one numbers, is valid during this
short time.
The magnetic field strength in the disc is also found to
increase in time. We define the averaged field in the disc via
B¯i =
(∫
ρ>ρfloor
(Bi)
2 dV∫
ρ>ρfloor
dV
)1/2
, (29)
where ρfloor = 1. We define the averaged field in this way be-
cause BR and Bφ are antisymmetric about the disc plane
and average out to zero vertically. In Fig 4 we plot B¯R
(top panel) and B¯R/B¯φ (bottom panel) as functions of
time. We see that the radial magnetic field is an increas-
ing function of time and grows nearly linearly. The ratio of
radial to toroidal magnetic field is, to an order one number,
constant over the simulation time. This suggests that the
simple picture whereby differential rotation creates toroidal
field, and the αΩ-dynamo transforms this field into poloidal
field is qualitatively correct. This is the distinguishing fea-
ture of the αΩ−dynamo, where toroidal field is generated
via differential rotation and poloidal field is generated via
the α−effect. Unlike on the surface of the star, where the
field saturates at late times in the simulation, the integrated
field in the disc continues to grow. Since the growth rate is
set by the local Keplerian time, on time scales of the sim-
ulation the outer part of the disc does not have time to
saturate with magnetic field, whereas near the star, where
time scales are expected to be shorter and field is advected
inwards at a faster rate, the field has time to saturate. We
can estimate the growth rate of B¯ by assuming a local ex-
ponential growth rate σtΩK and initially uniform field B0
in which case
∫
B20e
2σt
√
GMR−3/2RdR ∼ t4/3. If the field
were decreasing radially then this dependence on t would
be weaker. The greatest contribution of this integral occurs
for σΩt & 1 so there is a characteristic radius Rmax ∝ t2/3
beyond which there is little contribution. We find B¯ ∼ t1.1
so a slightly stronger dependence than predicted by this
Figure 4. Average magnetic field in the disc computed from
equation (29) for the cases αd = 0.01 (red), 0.05 (green) and 0.1
(black). Top - Average radial magnetic field strength B¯R. Un-
like the field around the star, the disc averaged magnetic field
does not have time to saturate on time scales of the simula-
tion. Bottom - Ratio of average radial to toroidal magnetic field
B¯R/B¯φ. This ratio varies by an order one number, suggesting
that toroidal field is built up via differential rotation and a frac-
tion is converted to poloidal field via the α−effect.
estimate. However, it provides a semi-quantitative under-
standing of how polynomial growth is achieved globally in
the disc whereas growth is locally exponential.
3.3 Outflows
An important question is how the field generated by the
dynamo affects matter outflows. In Fig 5 we plot the to-
tal mass flux
.
M at the outer boundaries Z = ±5 for vari-
ous dynamo numbers. Choosing to measure mass flux along
boundaries in the range 3 < Z < 8 had little effect on the
results. We also require that any matter flux have a ve-
locity |vp| > 0.1, which corresponds to an observationally
relevant v ∼ 200km/s. We note that non trivial outflows are
generated for dynamo number Nd = 10. The outflows begin
at approximately t = 150 inner disc orbits, corresponding
to a time t ∼ 5 yrs for T Tauri stars. This is when the
dipole moment reaches its saturation value and the plasma
β < 1 in the inner parts of the disc near R = Rdyn. This
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timescale is independent of the magnitude of the seed field,
since the growth time is set by the dynamo number. Disc
dynamos are therefore suitable candidates to explain time
varying outflows observed in T Tauri systems with observed
time scales between outflows of 10− 100yrs. Such a model
has previously been explored by SFS14 where the dynamo
was explicitly turned on and off to produce time varying
outflows. Though oscillatory, the mass flux
.
M ≈ 0.025 or
approximately 6.8×10−9M/yr for a T Tauri star, is consis-
tent with observed values. The start of outflow generation
corresponds to a decrease in the ratio of matter to mag-
netic pressure β. In Fig 6 we plot this parameter, averaged
over the thickness of the disc, as a function of radius for
t = 0, 100, 200 and 300 . Winds are primarily launched
from the inner part of the disc. We see that the dynamo
free region R∗ < R < 5 becomes magnetically dominated
(β < 1) for t > 200, consistent with the formation of a gap
for R < Rdyn and our assumption that the dynamo operates
in a matter dominated disc still holds. The time of outflow
generation also corresponds to the time at which the stel-
lar multipoles asymptote to their late time values. At this
time our linear analysis (13) breaks down because we can
no longer ignore the vZ velocity component. Flux can now
flow in the Z direction, thereby halting the growth of flux
on the surface of the star. We note that though the stel-
lar dipole and octupole moments saturate, other features
of the disc remain non-stationary - the accretion mass flux
varies in time and is the source of time dependence of the
wind. This is consistent with the picture that winds are
primarily affected by the disc, in particular near the inner
disc where the wind mass flux is greatest. Outflows can be
enhanced via dynamo growth on time scales of the simu-
lation because the timescales for magnetic field growth are
shorter than the diffusion timescale. Compare this with the
case αd = 0.01 where now diffusion effects are ∼ 10 times
more important. The field saturates to a value roughly
√
10
times smaller and the outflows ∼ 10 times weaker.
3.4 Dipole Seed Field
The time when observationally significant outflows are
launched corresponds to the time when the stellar dipole
moment saturates to µdip ≈ 3. We compare this to a run
where the initial magnetic field is a stellar dipole with mag-
netic moment µdip = 3. We keep other parameters un-
changed, αd = αη = αν = 0.1. This field configuration
generates outflows roughly an order of magnitude smaller
than the late time dynamo configuration, but at earlier
times - since the stellar dipole moment is already present,
it launches outflows right away without first having to grow
flux in the disc and advect it onto the star. Torkelsson and
Brandenburg (1994) showed that if a stellar dipole is used
as the seed field, the field generated in the disc has oppo-
site polarity. Dyda15 showed that this type of configuration,
where the stellar dipole and disc fields are anti-aligned, has
suppressed outflows compared to a pure disc field because
the field line structure in the inner part of the disc is not
conducive to mass loading. Our results here are consistent
with this, where the case with a seed disc field launches the
strongest outflows.
The dipole moment grows and saturates to µdip ≈ 4,
Figure 5. Total mass flux M˙ as a func-
tion of time for dynamo numbers Nd =
0 (black, dotted), 1 (black, solid), 5 (green, dash− dot), 10 (red, dash)
(αd = 0, 0.01, 0.05, 0.1). Observationally significant outflows
occur after t = 150.
Figure 6. Plasma β = 8piP/|B|2 as a function of radius for t
= 0 (solid), 100 (dash), 200 (dash-dot) and 300 (dotted) in the
case αd = 0.1. When the inner disc R < 5 becomes magnetically
dominated, an inner disc wind begins to outflow.
and the octupole moment saturates to µoct ≈ −0.5. We
observe the same behaviour as for the disc field where the
dipole and octupole have the same sign until saturation, at
which time it quickly reverses direction. For comparison, if
the dynamo is turned off, this stellar dipole configuration
settles to a configuration with µdip ≈ 2.5 (owing to diffusion
of flux through the disc) and the higher order moments are
zero. This emphasizes that for magnetically driven winds
the field geometry, and not only the field strength, plays an
important role in setting the mass flux.
3.5 Magnetic Diffusivity
We vary the dynamo number by keeping αd = 0.1 fixed
and varying the magnetic diffusivity from 0.03 ≤ αη ≤ 0.3.
The viscosity is also kept constant at αν = 0.3. In Fig 7
we plot the stellar dipole moment as a function of time for
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Figure 7. Dipole moment µdip as a function of time for fixed
αd = 0.1 and viscosity αν = 0.3 with varying magnetic diffusivity
αη = 0.1 (black, solid), 0.07(red, dash), 0.05 (green, dash-dot)
and 0.03 (blue, dotted).
these various runs. As before, the dipole moment saturates
to a certain value but interestingly, the sign depends on the
magnetic diffusivity. For αη ≤ 0.05 then µdip > 0 whereas
for αη ≥ 0.07 then µdip < 0. Empirically the field line struc-
ture is different in these two regimes. In the case of larger
diffusivity, the field lines in the outer part of the disc are
mostly vertical, threading through the disc. In contrast, for
the smaller diffusivity cases the field lines are nearly par-
allel with the disc. When η is smaller, the field is more
strongly frozen-in, so as matter accretes in the disc it drags
the footpoint inwards and the fieldline bends towards the
disc. When η is larger, matter can effectively accrete with-
out draging the footpoint and the fieldline remains verti-
cal (Dyda et al 2013). Decreasing the dynamo parameter
αd = 0.01 had no effect on the sign of the generated dipole
moment - in fact, the late time value µd ∝ α−1/2d holds
for αd < 0.1 suggesting that the effect is not due to a
changing dynamo number. Rather, the sign of the late time
dipole moment depends on the sign of the poloidal field at
early times near the star, which is controlled by the rela-
tive strengths of viscous and diffusive effects. The Prandtl
number in the case where a large positive dipole grew was
P = 10 whereas for other runs this ratio was P . 1. In
cases where the late time dipole moment asymptotes to a
negative value, the poloidal field in the upper hemisphere is
negative at early times. This is reversed for cases where the
dipole moment asymptotes to a positive value. As described
in Section 2.2, changing the relative strength of the viscos-
ity and diffusivity changes the sign of a term governing the
flux function evolution. Since the flux function is coupled
to the toroidal field, we expect this to change the sign of
the toroidal field.
4 DISCUSSION
We found an initially poloidal magnetic field threading the
disc grows via the effects of an αΩ−dynamo. The dif-
ferential rotation of the disc grows a toroidal magnetic
field, which is converted to poloidal magnetic field via
the α−effect. This process repeats until at late times the
poloidal field strength saturates to a value ∝ √αd when
field growth is countered by diffusion and magnetic pres-
sure prevents additional flux from advecting onto the star.
The local growth rate of the field during early times is ex-
ponential and set by the local Keplerian velocity and the
strength of the dynamo with σ ∝ ΩKα1/2d
The dynamo primarily excites dipole and octupole
modes, allowing for the growth of these modes on the star.
Quadrupole modes are suppressed at late times, owing to
the symmetry of the initial seed field. An important finding
in our work is dipole and octupole modes saturate to values
of opposite polarity with magnitudes ∝ √αd. T Tauri stars
have been observed using the Doppler-Zeeman technique to
have dipole and higher multipole moments (Donati & Col-
lier Cameron 1997; Donati et al. 1999; Jardine et al. 2002;
Johnstone et al 2014). We may thus be able to distinguish
between dynamo models operating on the star and in the
disc by observing the relative signs of the stellar multipoles.
It is important to accurately model higher order multipoles,
as assuming a pure dipole structure leads to overestimating
of the size of the magnetosphere and thus accretion/outflow
rates.
A seed field that is initially too weak to generate ob-
servable outflows can grow on time scales τ ∼ Ω−1K α−1/2d
to values which are strong enough to magnetically launch
winds. This suggests that disc dynamos may be important
in generating the large-scale, ordered magnetic fields needed
for MHD driven outflows. When a stellar dipole is used as
a seed, the field that grows in the disc is anti-parallel to
it (see vRB04). This field configuration allows for less effi-
cient mass loading (Dyda15) and we find outflows are ∼ 10
weaker than when a disc seed field is used. Some wind mod-
els, such as the X-wind model (see Shu et al 1994) require a
parallel dipole/disc field configuration. Studying the mag-
netic field topology generated by dynamos is thus a powerful
tool for discriminating between viable magnetic wind sce-
narios. Outflow properties may help us determine whether
fields were advected their magnetic field from the ISM and
those that generated them local via a disc dynamo mecha-
nism.
The magnetic field topolgy is highly sensitive to the
magnetic diffusivity. As we showed, increasing the Prandtl
number causes the polarity of the late time dipole moment
to change. Physically these findings can be reconciled by
understanding that three time scales are at play - the dy-
namo, the viscous and diffusive time scales. If the dynamo
time scale dominates, the viscous disc becomes magnetically
dominated and breaks up. This is the regime described in
Stepinski & Levy (1988) who concluded that strong local
dynamo modes could disrupt the global modes of the disc.
If the diffusive time scale dominates then the field does not
grow sufficiently to launch outflows. When time scales are
comparable we are in the regime explored in our simula-
tions where outflows can be enhanced but the overall disc
dynamics are not disrupted. The relative strength of the
viscous and diffusive effects determines the sign of the late
time dipole field and the field topology.
Our treatment is limited in that we assumed homoge-
nous values for α and our subgrid dynamo model assumed
the simplest possible treatment, namely isotropic turbu-
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lence. We treated viscosity, diffusivity and the αΩ−dynamo
as three separate effects. However, if they are due to the
same microphysics, small scale turbulence, it may actu-
ally be unphysical to vary each α parameter indepen-
dently. Disc accretion studies have already moved away
from α−disc models, as they have found that the Shakura-
Sunyaev picture only holds when coarse graining over the
disc in time. This problem requires treating the viscosity
self-consistently by resolving the MRI. The αΩ−dynamo
effects may then be modeled self-consistently, eliminating
the need to consider potentially unphysical parts of the
αd − αν − αη phase space.
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APPENDIX A: NUMERICALLY EXTRACTING
MULTIPOLE MOMENTS
Any magnetic field can be described by its multipole ex-
pansion. Below, we derive formulae for the axysymmetric
dipole, quadrupole and octupole components of a magnetic
multipole expansion in terms of surface integrals in cylindri-
cal coordinates. These are used to numerically extract the
multipole coefficients of the magnetic field configurations in
our simulations.
A1 Dipole Moment
Consider a dipole moment, symmetric about the Z-axis with
flux function given by
Ψ = µdip
R2
(R2 + Z2)3/2
, (A1)
and poloidal magnetic fields
BR = 3µdip
RZ
(R2 + Z2)5/2
, (A2)
BZ = µdip
(2Z2 −R2)
(R2 + Z2)5/2
. (A3)
Given a general magnetic field, we want to extract its dipole
moment from its multipole expansion at any given time. In
general the dipole moment is given by
m =
1
2
∫
dV
[
r× J
]
=
c
8pi
∫
dV
[
r× (∇×B)
]
, (A4)
where we work in CGS units and have used Ampere’s law.
We will integrate over a cylinder 0 < R < a, −h < Z <
h, 0 < φ < 2pi enclosing the star. We also assume the
boundary condition Ψ(0, Z) = 0 Using vector identities we
may write
m =
c
8pi
∫
dV
[
∇ (r ·B)− (r · ∇) B− (B · ∇) r
]
. (A5)
We are interested in the Zˆ component of the magnetic mo-
ment, µdip. We calculate the contribution to µdip from each
of the above three terms below.
T1 ≡
∫
dV ∇Z (r ·B) =
∫
dSZ (r ·B)
= 2pi
∫ a
0
RdR (r ·B)
∣∣∣h
−h
,
(A6)
where we have used the divergence theorem to convert the
volume integral to a surface integral over the sides of the
cylinder and only the top and bottom contribute to the Z-
component. Using the definition of magnetic field in terms
of the flux function we may write
T1 = 2pi
∫ a
0
dR R2BR
∣∣∣h
−h
+2pih
[
Ψ(a, h)+Ψ(a,−h)
]
. (A7)
The Z-component contribution from the second term is
T2 = −
∫
dV
[
(r · ∇) B
]
Z
= −2pi
∫
RdR dZ
(
R
∂
∂R
+ Z
∂
∂Z
)
BZ .
(A8)
Integrating the first term by parts and using the definition
of the magnetic flux function we may write
T2 = −2pi
∫ h
−h
dZ
[
a2BZ(a, Z)− 2Ψ(a, Z)−RZBR(a, Z)
]
.
(A9)
The third term can be dealt with by rewriting it in terms of
the flux function and explicitly carrying out the integration
in R to yield
T3 = −2pi
∫ h
−h
dZ Ψ(a, Z). (A10)
Combining these terms we arrive at the result
µdip =
c
4
{∫ a
0
dR R2BR(R,Z)
∣∣∣h
−h
+ h
[
Ψ(a, h) + Ψ(a,−h)
]
−
∫ h
−h
dZ
[
a2BZ(a, Z)−Ψ(a, Z)− aZBR(a, Z)
]}
,
(A11)
which is easy to implement in our cylindrical code.
A2 Quadrupole Moment Calculation
Consider a quadrupole moment, symmetric about the Z-
axis with flux function given by
Ψ =
3µquad
4
R2Z
(R2 + Z2)5/2
, (A12)
and poloidal magnetic fields
BR = −3µquad
4
R(R2 − 4Z2)
(R2 + Z2)7/2
, (A13)
BZ =
3µquad
4
(Z2 − 3R2)
(R2 + Z2)7/2
. (A14)
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Figure A1. Flux lines of axially symmetric dipole (left), quadrupole (center) and octupole (right).
Its quadrupole moments are D11 = D22 = −D33/2 where
µquad ≡ D33 =
∫
dV [r · (∇× J)]Z2
= 2
∫
dV Z (r× J)Z
(A15)
where as with the dipole, we are interested in the Z-
component of µquad. Using Maxwell’s equations we can
write
µquad =
c
2pi
∫
dVZ
[
r× (∇×B)
]
Z
. (A16)
As with the dipole case, this expression can be expanded
using a vector identity as
µquad =
c
2pi
∫
dV Z
[
∇ (r ·B)− (r · ∇) B− (B · ∇) r
]
Z
.
(A17)
As in the dipole case we calculate each of these terms
separately. We are interested in the Zˆ component of the
quadrupole moment.
T1 ≡
∫
dV Z ∇Z (r ·B)
=−
∫
dV (r ·B) zˆ + Z (r ·B)
∣∣∣h
−h
,
(A18)
where we have integrated by parts. Writing out the mag-
netic field in term of the flux function, we expand the first
term and carry out some of the intergrals. The second term
we evaluate on the top and bottom of the cylinder which
yields
T1 = 2pi
∫ a
0
dR R Ψ(R, z)
∣∣∣h
h
− 2pi
∫ h
−h
dZ Z Ψ(a, Z)
+ 2pi
∫ a
0
dR R Z (RBR + ZBZ)
∣∣∣h
−h
.
(A19)
Expanding the second term and carrying out the angular
integral we find
T2 ≡−
∫
dVZ(r · ∇)B
=− 2pi
∫
dR dZ
(
ZR2
∂Bz
∂R
+ Z2R
∂Bz
∂Z
)
.
(A20)
Performing integration by parts for the R integral on the
first term and then writing it out in terms of the flux func-
tion allows the integral in R to be evaluated, yielding
T2 = 2pi
∫ h
−h
dZ 2Z Ψ(a, Z)− a2ZBz(a, Z)
+ 2pi
∫ h
−h
dZaZ2BR(a, Z).
(A21)
For the final term, we take the divergence, expand it in
terms of the flux function, carry out the integral in R and
find
T3 = −
∫
dVZ(B · ∇)Z = −2pi
∫ h
−h
dZ Z Ψ(a, Z). (A22)
Combining these terms we arrive at the result
µquad = c
∫ a
0
dR
[
RΨ(R,Z) +RZ(RBR + ZBZ)
]∣∣∣∣∣
h
−h
+ c
∫ h
−h
dZ
[
aZ2BR(a, Z)− a2ZBz(a, Z)
]
.
(A23)
A3 Octupole Moment Calculation
Consider an octupole moment, symmetric about the Z-axis
with flux function given by
Ψ =
µoct
2
R2(4Z2 −R2)
(R2 + Z2)7/2
, (A24)
and poloidal magnetic fields
BR =
5µoct
2
RZ(4Z2 − 3R2)
(R2 + Z2)9/2
, (A25)
BZ =
µoct
2
(8Z4 − 24Z2R2 + 3R4)
(R2 + Z2)9/2
. (A26)
The octupole moment is given by
µoct ≡ 2
√
pi
7
M30, (A27)
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where
M30 =
1
4
∫
dV [r× J] · ∇ (r3Y30) , (A28)
and
r3Y30 =
√
7
4pi
r3P3(cos θ) =
1
4
√
7
pi
Z
(
2Z2 − 3R2) , (A29)
is a spherical harmonic that we have written in terms of
the Legendre polynomial P3. Expanding the cross product
and using Amperes law to write out the current in terms
of the magnetic field and evaluating the azimuthal integral
we find
µoct =
3c
16
[
4
∫
dRdZR2Z2
(
∂BR
∂Z
− ∂BZ
∂R
)
−
∫
dRdZR4
(
∂BR
∂Z
− ∂BZ
∂R
)]
.
(A30)
Evaluate each of these terms separately. The first term is
T1 ≡
∫
dRdZR2Z2
(
∂BR
∂Z
− ∂BZ
∂R
)
=
∫
dRR2h2BR
∣∣∣∣∣
h
−h
− 2
∫
dR dZRΨ + 2
∫
dRRZΨ
∣∣∣∣∣
h
−h
−
∫
dZZ2a2BZ(a, Z) + 2
∫
dZZ2Ψ(a, Z),
(A31)
where we have used integration by parts and the definition
of magnetic field in terms of the magnetic flux function.
Similarly, the second term is
T2 ≡
∫
dRdZR4
(
∂BR
∂Z
+
∂BZ
∂R
)
=
∫
dRR4BR
∣∣∣∣∣
h
−h
−
∫
dZa4BZ(a, Z)
− 8
∫
dRdZRΨ + 4
∫
dZa2Ψ(a, Z).
(A32)
Combining these terms we find
µoct =
3c
16
[
4
∫
dR R2h2BR
∣∣∣h
−h
+ 8
∫
dR RZΨ
∣∣∣h
−h
− 4
∫
dZ Z2a2BZ(a, Z) + 8
∫
dZ Z2Ψ(a, Z)
−
∫
dR R4BR
∣∣∣h
−h
+
∫
dZa4BZ(a, Z)
− 4
∫
dZ a2Ψ(a, Z)
]
.
(A33)
We note the cancellation of the volume integrals in T1 and
T2, allowing the final expression to again only depend on
surface integrals.
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